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Introduction
In the present note we study hyperbolic metrics with conical singularities on compact Riemann surfaces. Such metrics have been considered beginning with the work of Picard [12] . Starting from the classical results by Kazdan-Warner [5] [6] [7] , existence and uniqueness of conical hyperbolic metrics in every conformal class on a compact Riemann surface X equipped with an R-divisor were proved by McOwen [10] and Troyanov [14] . In higher dimensions, results are due to by Cheeger, Tian and others.
On a Riemann surface, an R-divisor is of the form a = n j =1 a j p j , where the a j are real numbers subject to the condition 0 a j 1, and χ(X, a) := χ(X) − n j +1 a j < 0. Here, by abuse of language, we say that the metric has a conical singularity of weight a j at the puncture p j , if a j = 0 and g is smooth in a neighborhood of p j , or a j = 1 and g satisfies a Poincaré growth condition at p j or 0 < a j < 1 and the metric is like 1 |z| 2a j near p j (cf. Definition 2.3).
In the view of the recent construction of the moduli space of weighted punctured stable curves [2] and the related hierarchy of compactifications of M γ,n , we want to consider the variation of hyperbolic conical metrics in holomorphic families, and introduce a generalized Weil-Petersson metric.
The main difficulty in the application of analytic methods arises from the lack of a Hodge theory for Kähler metrics with conical singularities. It is still possible to introduce "harmonic Beltrami differentials" with respect to a hyperbolic conical metric, together with a Kodaira-Spencer map, needed for the notion of a Weil-Petersson metric. Like in the classical case, harmonic Beltrami differentials are closely related to the variation of hyperbolic conical metrics in a holomorphic family.
It turned out that for 0 < a j < 1 the Weil-Petersson metric depends in a smooth monotone way on the weights a j . For a j → 0 we recover the Weil-Petersson metric for non-punctured surfaces, assigning norm equal to zero to vectors corresponding to an infinitesimal motion of the puncture.
Later we need to assume that all weights are smaller than 1/2. This range seems to be relevant. In fact, under this assumption, by a recent result of Wang and Zhu [16] , extremal conical metrics are known to be hyperbolic. Properties of the generalized Weil-Petersson metric depend on solving the equation for constant curvature with parameters, and differentiability with respect to the parameter in the family follows, implying C 1 smoothness of the Weil-Petersson metric.
The hyperbolic cone metrics
Let X be a connected, compact Riemann surface, let g = ρ(z)|dz| 2 be a smooth metric on some open set of X. As we will need the notions of Kähler geometry, we have to use the complex Laplace operator ∆ g = 1 g ∂ 2 /(∂z∂z), and we denote by ∇ the covariant derivative in z-direction with respect to g. Accordingly, we will prefer to use the scalar curvature instead of the Gaussian one, i.e., the curvature of g is
Let us fix some number p > 1, and consider the Sobolev spaces H p k (X) of complexvalued functions, which possess distributional derivatives up to order k in L p (X). An operator 
for all f ∈ L p (X), because of the positivity assumption on b. The rest follows from regularity theorems (cf. [1, p. 55] ). Now let a = n i=1 a i p i be a real divisor on X, i.e., a linear combination of distinct points p i ∈ X with real coefficients, and assume 0 a i 1. Such a pair (X, a) is called a weighted punctured Riemann surface. In moduli theoretic applications the corresponding log-canonical divisor K (X,a) := K X + a is introduced, and the notion of stability corresponds to the negativity of the EulerPoincaré characteristic. Definition 2.3. By a conical metric on a weighted punctured Riemann surface (X, a) we mean a smooth metric on X = X \ i p i such that (with respect to a local coordinate z centered at a puncture p j ) (1) g is smooth in a neighborhood of p j , if a j = 0, (2) g satisfies a Poincaré growth condition at p j , i.e., g = Existence of conical metrics holds according to McOwen [10] , and Troyanov [14] (cf. also [4, 9, 11, 15] ).
Originally, in the definition of a cone metric, the coefficient ρ was supposed to be bounded. However, Heins [3] , and McOwen [10] showed Hölder continuity.
Theorem (McOwen, Troyanov) . Let (X, a) be an R-stable weighted punctured Riemann surface. There exists a unique conformal conical metric g a having constant curvature −1 on X . Moreover, the following Gauss Bonnet formula holds:
We will refer to g a as the hyperbolic conical metric of (X, a), and i p i as the support of a.
If a and b have the same underlying compact Riemann surface X, such that the support of a is contained in the support of b, we define a b, if a j b j for all j . Proof. Due to the construction of a hyperbolic conical metric, the function Ψ = g a /g b is smooth, and positive on X . In a neighborhood of a puncture p j it is of the form
Here ρ j is some continuous positive function on the coordinate neighborhood of p j . In particular Ψ is continuous, and non-negative on X.
∂∂ be the Laplace operator associated to g b on X . On the open surface X the equation for curvature constantly equal to −1 gives us
Let Ψ (x 0 ) be a maximum of Ψ in X. We claim that Ψ (x 0 ) 1. If by contradiction we had Ψ (x 0 ) > 1, then by continuity of Ψ the function log(Ψ ) would be subharmonic in a neighborhood of x 0 , and it would have an internal maximum, therefore Ψ would be a positive constant. It would follow that a = b, but then Ψ ≡ 1, a contradiction against
In order to prove continuous dependence on the weights, we need the following fact. Let (X, a) be a weighted punctured Riemann surface with support p i . Let g be a smooth conformal metric on X. We denote by G i the Green's function of the global Laplace operator ∆ g on X with singularity at p i (cf. [8, Chapter II, §1]). In a coordinate disc D = {|z| < 1} centered at p i , we know that G i + 1 2π log |z| is smooth in D. From [10] we have that g a = e u a g with u a = 4πa i G i + v a , and v a ∈ H p 2 (X) for all p with 1 < p < min i (1/a i ). Note that McOwen's result is true also, if a i 0 for some i. In this case we have v a ∈ H p 2 (X) with 1 p < min {i: a i 0} (1/a i ). Fix some set of weights a 0 with 0 a 0i < 1, and a positive ε ∈ R such that a 0i + ε < 1 for all i. Proof. For simplicity we assume n = 1, i.e., with puncture p 0 , weight a, and Green's function G singular at p 0 . The proof in the general case follows along the same lines.
Let K be the curvature of g, the equation of constant curvature −1 for the metric g a gives
We consider the map Ψ :
In order to show that all partial derivatives of Ψ with respect to a and v exist and depend continuously on these variables, we make the following observation. Fix a coordinate neighborhood U centered at p 0 . For a ∈ I a 0 ,ε , and any k ∈ R, we have
and moreover it is of class C ∞ . On the other hand, by Lemma 2.1 the partial derivative
is invertible, so we can conclude the proof by means of the implicit function theorem. 2
The generalized Weil-Petersson metric
We first choose a such that 0 < a i 1 for all 1 i n. Let S be an open set of some C k , by definition a holomorphic family (X , a) → S of weighted punctured Riemann surfaces of genus γ 0, is a holomorphic family X → S together with n holomorphic sections σ 1 . . . σ n such that for all s ∈ S the points σ j (s) are pairwise distinct. From a deformation theoretic standpoint the Teichmüller space of such objects is just the usual Teichmüller space T γ,n , where γ is the genus of the compact surface. Given a point in T γ,n with induced n-punctured Riemann surface X, we assign the weight a j to the puncture p j . Denote by H 0 (X, Ω 2 (X,a) ) the space of holomorphic quadratic differentials with at most simple poles at the punctures, identified with the cotangent space at T γ,n at the given point.
where g a is the hyperbolic conical metric, with surface element dA a .
Observe that the above integrals are finite, because 0 < a i 1 for all i. It follows from Theorem 2.5 that for 0 < a i < 1 the Weil-Petersson inner product depends continuously on the weights.
We use an ad hoc definition of the space of harmonic Beltrami differentials with respect to the hyperbolic conical metric g a . Definition 3.2. Let H 1 (X, a) be the space of Beltrami differentials of the form a) ), and g a = g a (z) dz dz is the hyperbolic conical metric.
Lemma 3.3. There is a natural non-degenerate pairing
Proof. We have
The Weil-Petersson metric on the cotangent space to T γ,n together with the above duality defines a Weil-Petersson metric G W P ,a on the tangent space identified with H 1 (X, a). Lemma 3.4. Let µ 1 , and µ 2 in H 1 (X, a), then
Proof. By polarization it is sufficient to prove the lemma for µ 1 = µ 2 .
We have by definition
It follows from the Cauchy-Schwarz inequality that the right-hand side is smaller or equal to |µ 1 | 2 dA a . With
Denoting by (b, 0) the weighted punctured surface with fake punctures p m+1 , . . . , p n , whose weights are zero, the notion of convergence a → (b, 0) becomes meaningful. Because of the regularity theorem for an elliptic non-linear equation, the hyperbolic conical metric g b can be identified with g (b,0) .
Denote by χ : T γ,n → T γ,m the holomorphic map, forgetting punctures. We equip T γ,n , and T γ,m with G W P ,a , and G W P ,b respectively, then we have Proof. Because of Theorem 2.5, the metric g a depends in a continuous way upon the a j . For a j > 0 this implies that G W P ,a is continuous in a j . For simplicity we let a n → 0, and fix the rest. We choose local coordinates (t 1 , . . . , t N ) around (X, a) in T γ,n such that N = 3γ − 3 + n, and the coordinates t 3γ −3+j corresponds to moving the puncture p j . Therefore dt 3γ −3+j on the cotangent space to T γ,n corresponds to a holomorphic quadratic differential φ 3γ −3+j with a simple pole at p j whereas φ k is holomorphic for k 3γ − 3. Now for a → (b, 0), i.e., a n → 0, the hyperbolic cone metric g a converges to a metric which is smooth around p n . So φ N W P ,a → +∞. Therefore φ j , φ N W P ,a has a finite limit as a n → 0. On the tangent space we get that 
Variation with respect to parameters in a family
Let Π : (X , a) → S be a holomorphic family of weighted punctured Riemann surfaces. Let us take S = {s ∈ C: |s| < 1}. Let X = Π −1 (0). We will consider local coordinates (z, s) in X such that Π is the projection onto the second factor. Punctures are defined by holomorphic sections σ j with weights a j , 0 a j < 1, and local equation t j (s). Denote by X the open subset X \ j σ j (S). For each j choose a function ψ j which is smooth on X \ σ j (S), and of the form log(|z − t j (s)| 2 ) near σ j (S). For simplicity let us assume that n = 1 , a 1 = a, t 1 (s) = t (s), and ψ 1 = ψ .
The holomorphic family X → S of the underlying compact Riemann surfaces can be chosen to be a trivial differentiable family. Therefore the various Sobolev spaces H 
X).
We use the implicit function theorem to produce (the unique) hyperbolic cone metrics on neighboring fibers in a holomorphic family from the one on the central fiber. This approach yields an understanding, and estimates of derivatives of g a (z, s) with respect to s.
The equation for hyperbolicity on X gives
where ∆ is the Laplace operator with respect to the metric g, and K the curvature. It is equivalent to
Since ψ is harmonic in a neighborhood of the set σ j (S), in such a neighborhood the above equation is locally of the form
We want to study the solutions of (3) depending on the parameter s. Let us first assume for simplicity that the holomorphic family X → S is trivial. Then (3) is of the form
∆w(z, s) − b(z, s)e w(z,s) = f (z, s).
(This is a global equation expressed in a local coordinate z.) Define
where ∆(ψ) is considered as a function that is identically zero near the punctures. (X) , and it depends continuously on s and w. The function f is smooth in s (and independent of w). Furthermore, the coefficients of the Laplacian are smooth functions in s, and
for any fixed s ∈ S, w ∈ H p 2 (X), and it depends continuously on s and w.
is given by
This map depends continuously on s and w, and by Lemma 2.1 it is a continuous linear map with a bounded inverse. By the implicit function theorem the solution w(z, s) :
In particular it is differentiable in s as a function of z and s, and as H p 2 (X) ⊂ C β (X) for some β > 0 it is continuous in z and s. So we can also apply local regularity theorems on the complement of the punctures, and see that it is of class C ∞ there.
In our situation, the holomorphic family is usually non-trivial, and derivatives with respect to a parameter are meaningful with respect to a differentiable trivialization. This process is equivalent to taking Lie derivatives with respect to the vector field V . Let us denote by L the operator of derivation in the V -direction. We have
where R is a differential operator of order two in fiber direction, whose coefficients are first and second order derivatives of η and θ . In particular, R vanishes on a neighborhood of the punctures. Up to inserting the differentiable trivialization of X → S coming from an integration of V , a map
is given by the same formula (5). The derivative D 1 (Φ) (s,w) is defined either by applying
This element represents a function on X s X, whose restriction to a neighborhood of the punctures equals
The previous argument applies again: The derivative 
The generalized Kodaira-Spencer map
We now want to compute harmonic Beltrami differentials in the sense of Section 3 from the variation of hyperbolic cone metrics.
In the case of compact Riemann surfaces with no punctures, the harmonic Beltrami
(see [13] ). From now on all values are taken at s = 0. A formal calculation shows that φ = −gμ is a holomorphic quadratic differential. On the other hand, the above Beltrami differential is the∂ exterior derivative of a smooth lift of the tangent vector ∂ ∂s to the total space X of the family (restricted to the central fiber
In the case of conical hyperbolic metrics we define the smooth Beltrami differential on X given by
and the quadratic differential φ a (
Proof. Assume again n = 1. From formula (6) 
As 0 a < 1/2, we can find q, h in the above range with 1/q + 1/h = 1. By Hölder inequality,
On the other hand, Theorem 4.1 gives us that ∈ H 1 (X, a) .
Proof. The proof that φ a ( ∂ ∂s ) is holomorphic in X follows as in [13] from hyperbolicity of the metric. To show that φ a has at most simple poles at the punctures we use the following well-known fact. Let X → S be a holomorphic family of weighted punctured Riemann surfaces not necessarily over a disc. If v = 0 is a tangent vector of S at the distinguished base point, we can find a local embedding of S into some ambient space U , such that v equals ∂/∂s, where s is one of the holomorphic coordinates. Since in our case tangent directions are not obstructed (in the sense of deformation theory), we can always assume that S is a disc. In a first step, we show that the given family with punctures disregarded has to be trivial.
Let us set
The vector field W = ∂ ∂s + γ (z) ∂ ∂z is a smooth lifting to X of the vector field ∂ ∂s on S (cf. [13] ). By the above assumption W is a holomorphic vector field on X , where X = X 0 . To prove that it extends holomorphically to X, we show that it is L 2 (X), and apply Lemma 5.3. According to Theorem 4.1, and by the same reasoning as in Lemma 5.1 we get at s = 0: With no loss of generality we can assume X X × S → S is actually trivial, and also that the family g of smooth reference metrics to be independent on s. In this geometric situation, γ (z) ∂ ∂z is a holomorphic vector field on X. It is sufficient to show that the direction t j (0) of the movement of a puncture p j with respect to the parameter s is equal to the value of γ at the puncture. Therefore, the vector field W provides an infinitesimal holomorphic trivialization of the punctured family.
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